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LONG–TERM ANALYSIS OF POSITIVE OPERATOR
SEMIGROUPS VIA ASYMPTOTIC DOMINATION
JOCHEN GLU¨CK AND MANFRED P. H. WOLFF
Dedicated to Karl H. Hofmann on the occasion of his 85. birthday
Abstract. We consider positive operator semigroups on ordered Banach spac-
es and study the relation of their long time behaviour to two different domi-
nation properties. First, we analyse under which conditions almost periodicity
and mean ergodicity of a semigroup T are inherited by other semigroups which
are asymptotically dominated by T . Then, we consider semigroups whose or-
bits asymptotically dominate a positive vector and show that this assumption
is often sufficient to conclude strong convergence of the semigroup as time
tends to infinity.
Our theorems are applicable to time-discrete as well as time-continuous
semigroups. They generalise several results from the literature to considerably
larger classes of ordered Banach spaces.
1. Introduction
In this article we consider positive operator semigroups on ordered Banach spaces
and study two topics which relate their long time behaviour to what we call asymp-
totic domination (a notion which is made precise in Definition 2.2.1). Those two
topics are:
(1) Almost periodicity and mean ergodicity. Consider two positive operator semi-
groups T = (Tt)t∈J and S = (St)t∈J on an ordered Banach space X (where either
J = N0 or J = [0,∞)). Assume that the orbit of every positive vector x under S
is dominated, up to a “small error”, by its orbit under T .
In [15] E. Yu. Emel’yanov and the second author studied unter which hypotheses
mean ergodicity and almost periodicity is inherited from T to S. Many results in
[15] were shown under the assumption that the positive X+ is not only normal,
but strongly normal (see [15, Definition 1]). Yet, K. V. Storozhuk demonstrated in
[39] that there exist even finite-dimensional ordered Banach spaces whose cone is
normal, but not strongly normal; this solved a problem posed in [15]. It is therefore
natural to ask whether the results of [15] still hold for cones which are merely
normal. In Section 3 of the present paper we show that this is the case for many
of those results; this is achieved by replacing the strong normality of the cone with
a general observation about asymptotic domination stated in Lemma 2.2.6.
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(2) Lower bound theorems. In Section 4 we consider positive operator semigroups
T whose orbits asymptotically dominate a time-independent positive vector h; we
show that, in many situations, the existence of such a lower bound h implies strong
stability of the semigroup, that means strong convergence of the semigroup as time
tends to infinity. The history of such results goes back to a paper of Lasota and
Yorke [26] and since then many such lower bound theorems were proved in the
literature, some of them on AL-Banach lattices and some on non-commutative L1-
spaces (see Section 4 for detailed references). We generalise many of those results
to a large class of ordered Banach spaces.
Organisation of the paper. In Section 2 we introduce a bit of notation and recall
several important concepts from operator theory that we need throughout the ar-
ticle. Moreover, we recall the definition of asymptotic domination and prove a few
elementary results for it. The content of Sections 3 and 4 has already been de-
scribed above. Motivated by the setting discussed in Section 4, we close the paper
with an Appendix containing some non-trivial examples of ordered Banach spaces
whose norm is additive on the positive cone.
2. Preliminaries and basic terminology
2.1. Preliminaries. In this subsection we briefly recall some basics from the the-
ory of ordered Banach spaces in order to fix our notation and for later reference
(for the general theory of ordered Banach spaces see e. g. [2, 5, 35]).
Ordered Banach spaces. By an ordered Banach space we mean a pair (X,X+) where
X is a real Banach space and X+ is a proper, closed, and convex cone; more
precisely this means that X+ is a closed subset of X satisfying X+ ∩ (−X+) = {0},
X+ + X+ ⊆ X+, and αX+ ⊂ X+ for all α ∈ [0,∞). It is called the positive
cone, or simply the cone in X . By abuse of notation we often write only X to
denote the ordered Banach space (X,X+). As is customary, we set x ≤ y iff
y − x ∈ X+; the relation ≤ is a partial order on X which is compatible with
addition and multiplication by nonnegative scalars due to the properties of X+.
For each x ∈ X we have x ∈ X+ iff x ≥ 0, and in this case we call x positive.
For x, y ∈ X we write x < y if x ≤ y but x 6= y. We define the order interval
[x, y] = {z ∈ X : x ≤ z ≤ y} for all x, y ∈ X . Whenever it is necessary to stress
that an order interval [x, y] is defined in the ordered Banach space X , we write
more precisely [x, y]X instead of [x, y]. For all x ∈ X , we define
d+(x) = inf{‖x− y‖ : y ∈ X+} (2.1)
to be the distance of x to the positive coneX+. Note that, ifX is a Banach lattice or
the self-adjoint part of the predual of a von Neumann algebra, then d+(x) = ‖x−‖
for each x ∈ X .
On every ordered Banach space X the function d+ : X → [0,∞) has a couple of
useful properties which we list in the following proposition.
Proposition 2.1.1. Let X be an ordered Banach space. The mapping d+ : X →
[0,∞) has the following properties:
(a) It is positively homogeneous, meaning that d+(αx) = α d+(x) for all x ∈ X
and all α ∈ [0,∞).
(b) It is subadditive, meaning that d+(x+ y) ≤ d+(x) + d+(y) for all x, y ∈ X.
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(c) It is Lipschitz continuous with Lipschitz constant 1, meaning that
| d+(x)− d+(y)| ≤ ‖x− y‖
for all x, y ∈ X.
Proof. Property (a) follows from the fact that αX+ ⊆ X+ for all α ∈ [0,∞), and
property (b) follows from the fact that X+ + X+ ⊆ X+. Assertion (c) is in fact
true for the distance to an arbitrary set in X , and not only for the distance to X+;
as the proof of this is elementary, we omit the details. 
The cone X+ is called generating if X+ −X+ = X holds. Having a generating
cone is a very weak condition which is met by most of the ordered Banach spaces
that one usually encounters. The cone is called normal if the order interval [x, y]
is norm bounded for all x, y ∈ X . The class of ordered Banach spaces having a
normal cone is still sufficiently large to contain a wealth of important examples. For
instance, each of the following ordered Banach spaces possesses have a generating
and normal cone: all Banach lattices; the self-adjoint part of every C∗-algebra; the
dual and the pre-dual of the self-adjoint part of every von Neumann algebra. In
particular, non-commutative L1-spaces with respect to a semi-finite trace belong to
the list of examples since they are preduals of semi-finite von Neumann algebras,
see [40, p. 320].
If the positive cone of an ordered Banach space X is generating, than there exists
a constant C > 0 such that every x ∈ X can be decomposed as
x = y − z for two vectors y, z ∈ X+ fulfilling ‖y‖, ‖z‖ ≤ C‖x‖. (2.2)
For a proof of this decomposition property (which traces back to V. Klee) we refer,
for instance, to [5, Proposition 1.1.2] or [2, Theorem 2.37].
The positive cone in the ordered Banach space X is normal if and only if there
exists an equivalent norm on X which is monotone, meaning that ‖x‖ ≤ ‖y‖ for all
x, y ∈ X fulfilling 0 ≤ x ≤ y;
Duality and positive operators. We denote the space of all bounded linear operators
between two Banach spaces X and Y by L(X ;Y ) and we abbreviate L(X) :=
L(X ;X). The dual space of a Banach space X is denoted by X ′. For all x ∈ X
and x′ ∈ X ′ we use the notation 〈x′, x〉 := x′(x).
Let X,Y be two ordered Banach spaces. A linear operator T : X → Y is called
positive, T ≥ 0 for short, if T (X+) ⊆ Y+. In case that the positive cone in X is
generating, every positive linear operator T : X → Y is automatically bounded; see
e.g. [4, Theorem 2.8] or [2, Corollary 2.33]. The set of all positive operators T ∈
L(X ;Y ) is denoted by L(X ;Y )+ and, again, we abbreviate L(X)+ := L(X ;X)+.
If x ∈ X and T ∈ L(X)+, then we have
d+(Tx) ≤ ‖T ‖ d+(x). (2.3)
Throughout, we endow R with the positive cone R+ := [0,∞) which renders it
an ordered Banach space. By the terminology introduced above, a linear mapping
ϕ : X → R is positive iff ϕ(x) ≥ 0 for all x ∈ X+. In case that X+ is generating
in X , every such ϕ is automatically continuous by the previous paragraph. We
define X ′+ := {x
′ ∈ X ′ : x′ is positive} and, for every x′ ∈ X ′, we write x′ ≥ 0
iff x′ ∈ X ′+; we call such elements x
′ ∈ X ′+ positive functionals on X . Obviously,
X ′+ = (−X)
◦ (the polar of −X in X ′, see e.g. [35, Chapter V]), hence X ′+ is a
closed convex cone. If X+ is generating in X , or more generally if X+ − X+ is
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dense in X , then X ′+ is proper and normal so X
′ becomes an ordered Banach space
with respect to the cone X ′+. In the following proposition we collect two useful
observations on duality and positivity; we denote the dual operator of a bounded
linear operator T between two Banach spaces by T ′.
Proposition 2.1.2. Let X,Y be ordered Banach spaces.
(a) A vector x ∈ X is positive if and only 〈x′, x〉 ≥ 0 for all x′ ∈ X ′+.
(b) Let T ∈ L(X ;Y ). We have T ≥ 0 if and only if T ′ ≥ 0.
In assertion (b) of this proposition we use the notation T ′ ≥ 0 to indicate that
T ′X ′+ ⊆ Y
′
+, and we use the notation even if the cones inX and Y are not generating
(in which caseX ′ and Y ′ are not ordered Banach spaces in the sense defined above).
Proof of Proposition 2.1.2. (a) It follows from the bipolar theorem [35, Theorem
IV.1.5] that X+ = (−X
′
+)
◦ (where ◦ denotes the polar with respect to the duality
(X,X ′)). The implication “⇒” in (b) is obvious and the implication “⇐” follows
from (a). 
Corollary 2.1.3. Let X be an ordered Banach space.
(a) For each x ∈ X \ {0} there exists a positive functional x′ ∈ X ′ such that
〈x′, x〉 6= 0.
(b) For each 0 < x ∈ X there exists a positive functional x′ ∈ X ′ such that
〈x′, x〉 > 0.
Proof. (a) Assume that 〈x′, x〉 = 0 for each positive x′ ∈ X ′. By Proposition 2.1.2
(a) this implies that x ≥ 0 and −x ≥ 0, so x = 0.
(b) This is an immediate consequence of (a). 
Let X be an ordered Banach space with generating cone. Recall that the dual
cone X ′+ is generating in X
′ if and only if the cone X+ in X is normal (see [35,
Corollary 3 on p. 220] or [2, Theorem 2.40]). In this case the bidual space X ′′
becomes an ordered Banach space, too, namely with respect to the cone X ′′+ :=
{x′′ ∈ X ′′ : 〈x′′, x′〉 ≥ 0 for all x′ ∈ X ′+}; the cone X
′
+ in X
′ is automatically
normal [2, Theorem 2.42], so the bi-dual cone X ′′+ is even generating in X
′′. The
evaluation map j : X →֒ X ′′ is bipositive, meaning that j(x) ≥ 0 if and only if x ≥ 0;
this follows from Proposition 2.1.2(a). We may thus consider X as a subspace of
X ′′ by means of evaluation without violating the order structure on those spaces.
Projection bands in the bidual. In several occasions in Section 4 we will consider
ordered Banach spaces who behave, in a sense, similarly to so-called KB-Banach
lattices. To introduce such a concept for general order Banach spaces, we need a bit
of preparation. Let X be an ordered Banach space with generating cone. We call a
projection P ∈ L(X) a band projection if both P and its complementary projection
idX −P are positive. A projection P ∈ L(X) is a band projection if and only if
0 ≤ Px ≤ x for all x ∈ X+.
Proposition 2.1.4. Let X be an ordered Banach space with generating cone and
let P,Q ∈ L(X) be two band projections with the same range. Then P = Q.
Proof. We first show that Qx = 0 for every 0 ≤ x ∈ kerP . Indeed, for such a vector
x we have 0 ≤ Qx ≤ x and thus, as P acts as the identity on the range of Q,
0 ≤ Qx = PQx ≤ Px = 0.
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Hence, Qx = 0. Now we argue that this implies kerP ⊆ kerQ. In fact, we only have
to note that every vector in kerP is a linear combination of two positive vectors
in kerP since X+ is generating in X and since kerP is the range of the positive
projection idX −P .
Since our assumptions on P and Q are symmetric, we conclude that also kerQ ⊆
kerP , so P and Q do not only have the same range, but also the same kernel. This
proves P = Q, as claimed. 
As a consequence of the preceding proposition, a vector subspace V of X can
only be the range of at most one band projection P ∈ L(X); in this case, we call
P the band projection onto V . Now we can define the following class of ordered
Banach spaces that we mentioned above.
Definition 2.1.5. Let X be an ordered Banach space with generating and normal
cone and consider X as a subspace of its bidual X ′′ by means of evaluation. We say
that X is a projection band in its bidual if there exists a band projection P ∈ L(X ′′)
with range X .
A Banach lattice X is a projection band in its bi-dual if and only if every norm-
bounded increasing sequence (equivalently: net) in X converges in norm; such
spaces are called KB-spaces ; [30, Definition 2.4.11 and Theorems 2.4.12 and 1.2.9]
and [36, Example 7 on p. 92 and Proposition II.5.15]. For instance, every AL-
Banach lattice is a KB-space. On ordered Banach spaces, though, the situation is
more complicated – compare Remark 4.2.4. Important examples of ordered Banach
spaces which are projection bands in their biduals are preduals of von Neumann-
algebras (see [40, pp. 126–127] or [32, Proposition 1.17.7]).
Ordered Banach spaces which are projection bands in their biduals have quite
nice regularity properties as the following proposition shows:
Proposition 2.1.6. Let X be an ordered Banach space with generating and normal
cone. If X is a projection band in its bidual, then every order interval in X is weakly
compact.
Proof. Let P ∈ L(X ′′) be the band projection onto X and let Q := idX′′ −P denote
the complementary projection. Let x, y ∈ X . We first note that [x, y]X = [x, y]X′′ .
Indeed, the inclusion “⊆” is obvious and, conversely, every z′′ ∈ [x, y]X′′ fulfils
0 = Qx ≤ Qz′′ ≤ Qy = 0, so z′′ ∈ X .
Since [x, y]X = [x, y]X′′ is compact in X
′′ with respect to the weak∗-topology, it
is compact with respect to the weak topology in X . 
Operator semigroups. Let X be a Banach space and let either J = N0 := {0, 1, 2, ..}
or J = [0,∞). We call a family T = (Tt)t∈J of bounded linear operators on
X a semigroup – or, more precisely, a one-parameter operator semigroup – on
X if T0 = idX and Ts+t = TsTt for all s, t ∈ J . The semigroup T is called
bounded if supt∈J ‖Tt‖ < ∞. We call T (weakly) almost periodic in case that the
set {Tt : t ∈ J} is relatively compact in L(E) with respect to the strong (weak)
operator topology. Every almost periodic semigroup is weakly almost periodic and
every weakly almost periodic semigroup is bounded by the uniform boundedness
principle. A vector x ∈ X is called a fixed point or a fixed vector of T if Ttx = x
for all t ∈ J ; the subspace of X consisting of all fixed points of T is called the
fixed space Fix(T ) of T . In case that X is an ordered Banach space, we call the
semigroup T positive if Tt is a positive operator for every t ∈ T . If J = [0,∞)
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and the mapping J ∋ t 7→ Tt ∈ L(X) is strongly continuous, then T is called a
C0-semigroup.
Now, let T = (Tt)t∈J be a semigroup on a Banach space X and assume that T
is a C0-semigroup in case that J = [0,∞). For each t ∈ J \{0} we denote by At(T )
the t-th Cesa`ro mean of T , i.e. At(T ) =
1
t
∑t−1
k=0 Tk for each t ∈ N := {1, 2, 3, . . .} in
case that J = N0, and At(T ) =
1
t
∫ t
0
Ts ds for each t ∈ (0,∞) in case that J = [0,∞)
(where the integral is to be understood in the strong sense). The semigroup T is
called mean ergodic if At(T ) converges strongly as t → ∞. If T is weakly almost
periodic, then it is mean ergodic. An operator T ∈ L(X) is called mean ergodic
if the semigroup (T n)n∈N0 is mean ergodic. The semigroup T is called Cesa`ro
bounded if the net (At(T ))t∈J\{0} of its Cesa`ro means is bounded with respect to
the operator norm, and an operator T is called Cesa`ro bounded if the semigroup
(T n)n∈N0 is so. For a detailed treatment of all these notions we refer for instance
to the monographs [24, 17, 13, 9].
2.2. Basic terminology: asymptotic domination. As pointed out in the intro-
duction, the present paper deals with the interplay between the long term behaviour
of positive semigroups and the concept of asymptotic domination. In this section
we collect several basic results about this property, the most important one be-
ing certainly Lemma 2.2.6. Let us begin by recalling the definition of asymptotic
domination, both for vector-valued and for operator-valued functions.
Definition 2.2.1. Let J be a subset of R which is not bounded above and let X
be an ordered Banach space.
(a) Let f, g : J 7→ X+ be two mappings. We say that g dominates f asymptotically
or that f is asymptotically dominated by g if limt→∞ d+(g(t)− f(t)) = 0. We
denote this property by g a f or by f a g.
(b) Let S, T : J 7→ L(X)+ be two mappings. We say that T dominates S asymp-
totically or that S is asymptotically dominated by T if the mapping t 7→ T (t)x
dominates the mapping t 7→ S(t)x asymptotically for all x ∈ X+. We denote
this property by S a T or by T a S.
(c) Two mappings f, g : J 7→ X+ are called asymptotically equivalent, which we
denote by f ≃a g, if f a g and g a f .
Likewise, we call two mappings S, T : J → L(X)+ asymptotically equiva-
lent, also denoted by S ≃a T , if S a T and T a S.
We are mainly interested in the case where J is one of the two sets [0,∞) and N0.
When we consider Cesa`ro means of semigroups, the cases J = N and J = (0,∞)
will also occur. Yet, the particular choice of J is not important for any of the basic
properties of asymptotic domination that we consider in this section.
It is sometimes convenient to use the following convention: if f, g : J → X+ are
mappings and x ∈ X+ is a fixed vector, then we shall write x a f or f a x to
say that f is asymptotically dominated by the constant function with value x; the
notations g a x and g a x are defined similarly. Likewise, we use the notations
P a T or T a P and S a P or P a S for functions T ,S : J → L(X)+ and for
a fixed operator P ∈ L(X)+.
The following elementary characterisation of asymptotic domination is quite use-
ful and we will often employ it tacitly. It is taken from [13, Proposition 2.1.10]; for
the convenience of the reader we include the proof.
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Proposition 2.2.2. Let J be a subset of R which is not bounded above, let X be an
ordered Banach space with generating cone and consider to mappings f, g : J → X+.
The following assertions are equivalent:
(i) g asymptotically dominates f .
(ii) There exists a function r : J → X+ satisfying limt→∞ r(t) = 0 and f(t) ≤
g(t) + r(t) for all t ∈ J .
Proof. If (ii) is fulfilled, then
d+
(
g(t)− f(t)
)
) ≤
∥∥[g(t)− f(t)]− [g(t)− f(t) + r(t)]∥∥ = ‖r(t)‖ → 0
as t→∞, so (i) holds; note that this implication does not depend on the assumption
that X+ be generating.
Now, assume on the other hand that (i) is fulfilled. For every t ∈ J there exists
a vector u(t) ∈ X+ satisfying
∥∥[g(t) − f(t)] − u(t)∥∥ ≤ d+ (g(t) − f(t)) + 2−t. Let
the constant C > 0 be as in (2.2). For every t ∈ J we can hence decompose the
vector [g(t)− f(t)]− u(t) as
[g(t)− f(t)]− u(t) = y(t)− z(t)
where y(t), z(t) ∈ X+ fulfil ‖y(t)‖, ‖z(t)‖ ≤ C ·
(
d+(g(t)−f(t))+2
−t
)
. The function
r := z thus fulfils the properties in (ii). 
We are mainly interested in asymptotic domination between two mappings S, T :
J → L(X)+ in the special case where S and T are positive operator semigroups.
Before we give some examples where this phenomenon occurs, we prove a few simple
facts for the relations a and ≃a.
Proposition 2.2.3. Let J be a subset of R which is not bounded above, let X be
an ordered Banach space and consider two mappings f, g : J → X+.
(a) The relation a is transitive and the relation ≃a is an equivalence relation.
(b) Let (tk)k∈N0 be a sequence in J converging to∞. If g asymptotically dominates
f , then the mapping k 7→ g(tk) asymptotically dominates the mapping N0 ∋
k 7→ f(tk) ∈ X+.
(c) If f(t) and g(t) both converge to a vector x ∈ X+ as t→∞, then f ≃a g ≃a x.
Proof. This follows at once from Proposition 2.2.2. 
Before proceeding with the theory, let us give a few simple examples of operator
semigroups S and T where asymptotic domination (and, in fact, even equivalence)
occurs:
Example 2.2.4. Let X = R2 be endowed with its usual order and let A ∈ R2×2
by given by A =
(
−1 1
1 −1
)
. For every α ≥ 0 the mapping Sα : [0,∞) → R
2×2,
given by
Sα(t) := e
tαA =
1
2
(
1 + exp(−2αt) 1− exp(−2αt)
1− exp(−2αt) 1 + exp(−2αt)
)
for all t ≥ 0, defines a doubly stochastic semigroup on R2; in fact, it is not difficult
to see that all doubly stochastic C0-semigroups on R
2 are of this form. If α > 0,
then the matrix Sα(t) converges to
P =
1
2
(
1 1
1 1
)
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as t → ∞. This implies that, for all values α, β > 0, the functions Sα and Sβ
are asymptotically equivalent. Yet, for α 6= β, we neither have Sα(t) ≥ Sβ(t) nor
Sα(t) ≤ Sβ(t) for any time t > 0.
The subsequent examples constitute, in a sense, more general versions of Exam-
ple 2.2.4.
Examples 2.2.5. Let J = N0 or J = [0,∞) and let X be an ordered Banach
space.
(a) Let S, T : J → L(X) be two positive semigroups on X for which the strong
operator limits limt→∞ S(t) and limt→∞ T (t) exist and coincide. Then S and T
are asymptotically equivalent.
(b) Let T : J → L(X) be a positive semigroup on X which converges strongly
as t → ∞ and let α, β > 0. Let us define Tα(t) = T (αt) and Tβ(t) = T (βt) for
all t ∈ J . Since the strong operator limits of Tα(t) and Tβ(t) for t → ∞ exist and
coincide, it follows from (a) that Tα and Tβ are asymptotically equivalent.
In Section 3 we prove that several properties concerning the long term behaviour
of operator semigroups are inherited via domination. The key to many of those
results is the following simple, but very useful lemma.
Lemma 2.2.6. Let J be a subset of R which is not bounded above, let X be an
ordered Banach space and consider two mappings f, g : J → X+. If f a g, then we
can find a strictly increasing sequence (tk)k∈N0 ⊆ J converging to ∞ and a vector
q ∈ X+ such that f(tk) ≤ g(tk) + q for all k ∈ N0.
Proof. Since f a g, Proposition 2.2.2 yields a mapping r : J → X+ which fulfils
limt→∞ r(t) = 0 and f(t) ≤ g(t)+r(t) for all t ∈ J . Now, choose a strictly increasing
sequence (tk)k∈N0 ⊆ J which converges to ∞ and which fulfils ‖r(tk)‖ ≤
1
2k
for all
k ∈ N0. Setting q :=
∑
k∈N0
r(tk), we obtain the assertion. 
We point out that the terminology of asymptotic domination can, of course,
also be generalised to directed sets J instead of subsets of R. However, the above
Lemma 2.2.6 generalises to this setting only if there exists a cofinal countable set
in J . The following consequence of Lemma 2.2.6 will be very useful in section 3.
Corollary 2.2.7. Let X be an ordered Banach space and let f : N0 → X+ be
asymptotically dominated by a constant vector x ∈ X+.
(a) If every order interval in X is weakly compact, then the sequence (f(n))n∈N0
has a weakly convergent subsequence.
(b) If every order interval in X is compact, then the sequence (f(n))n∈N0 has a
norm convergent subsequence.
Proof. According to Lemma 2.2.6 we can find a subsequence (f(nk))k∈N0 of
(f(n))n∈N0 which is contained in an order interval in X . This clearly implies asser-
tion (b), and it also implies assertion (a) due to the Eberlein–Sˇmulian theorem [8,
Theorem V.6.1] or [35, Corollary 2 in Paragraph IV.11.1]). 
3. Long term behaviour of asymptotically dominated semigroups
3.1. Almost periodicity via asymptotic domination. Consider two positive
operator semigroups T and S on an ordered Banach space X and assume that
T asymptotically dominates S. This subsection is concerned with the question
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whether almost periodicity of the dominating semigroup T is inherited by the dom-
inated semigroup S. In case that X is a Banach lattice with order continuous norm
the answer to this question is “yes” (under appropriate technical assumptions) as
shown in [11, Theorem 4.3].
If X is a general ordered Banach space, say with generating and normal cone,
than the situation seems to be more involved. One can, for instance, consider so-
called uniformly order convex spaces (cf. [11, Definition 2.1]). This class contains
the spaces with additive norm on the positive cone and the spaces whose norm is
uniformly convex (cf. [11, Example 2.2]). It was shown in [11, Corollary 3.4] that, on
such spaces, a version of almost periodicity (so-called strong asymptotic compact-
ness, cf. [11, the beginning of Section 3]) is inherited by asymotically dominated
semigroups in case that the dominating semigroup is contractive. The question
thus arises what happens if the dominating semigroup is not contractive but only
bounded or if the underlying Banach space is not uniformly order convex. A result
in this direction was given in [15, Theorem 15] in the following setting: the space
X is now assumed to be ideally ordered, meaning that every order interval in X
is weakly compact and that the positive cone X+ is strongly normal, i.e. that the
mapping X+ ×X+ ∋ (x, y) 7→ dist([0, x], [0, y]) is continous (mere normality of the
cone is equivalent to the continuity of this mapping at the point (0, 0)). Examples
of ideally ordered Banach spaces include preduals of von Neumann algebras and
the space of all self-adjoint compact linear operators on a given Hilbert space (cf.
[15, p. 12]); in fact, all order intervals in the latter space are even compact. If
a positive, time-discrete and almost periodic semigroup T on an ideally ordered
Banach space asymptotically dominates a positive semigroup S, then it is shown
in [15, Theorem 15] that S is at least weakly almost periodic; if all order intervals
X are even norm compact, then S is even almost periodic.
In the following theorem we generalise this result in that we remove the condition
of strong normality of the positive cone.
Theorem 3.1.1. Let J = N0 or J = [0,∞) and let X be an ordered Banach space
with generating cone. Consider two positive semigroups S, T : J → L(X)+ and
assume that T asymptotically dominates S. In case that J = [0,∞), assume in
addition that S is a C0-semigroup.
(a) If T is almost periodic and all order intervals in X are weakly compact, then
S is weakly almost periodic.
(b) If T is almost periodic and all order intervals in X are compact, then S is
almost periodic.
Note that the assumption that all order intervals be weakly compact is for in-
stance fulfilled in every reflexive Banach space ordered by a normal cone; an impor-
tant example for such a space is the selfadjoint part of a noncommutative Lp-space
(1 < p < ∞) with respect to a semi-finite trace. Other examples are AL-Banach
lattices and preduals of von Neumann algebra since they are projection bands in
their bi-dual, see Proposition 2.1.6.
Proof of Theorem 3.1.1. Let x ∈ X+ be given and consider an arbitrary sequence
(yn)n∈N0 = (Stnx)n ∈ N0 in the orbit {Stx| t ∈ J}. We show that a subsequence of
(yn)n∈N0 converges with respect to the weak topology in case (a) and with respect
to the norm topology in case (b).
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If (tn)n∈N0 is bounded, it possesses a norm convergent subsequence since the set
{Stx| t ∈ [0, t0] ∩ J} is compact for every t0 ≥ 0 (here we need strong continuity of
S in case that J = [0,∞)). So assume that the sequence (tn)n∈N0 is unbounded.
After passing to a subsequence, we may then assume that tn → ∞. Passing once
again to a subsequence, we may thus assume that the sequence (Ttnx)n∈N0 is norm
convergent in X . Since the mapping n 7→ Stnx is asymptotically dominated by
the mapping n 7→ Ttnx, we conclude that n 7→ Stnx is in fact asymptotically
dominated by the constant vector y := limn→∞ Ttnx. Hence, the assertion follows
from Corollary 2.2.7. 
As is well known, every weakly almost periodic semigroup admits a so-called
Jacobs–deLeeuw–Glicksberg decomposition; see for instance [24, Section 2.4], [17,
Section V.2] or [9, Section 16.3] where this is explained in great detail. In the
situation of the above theorem we obtain additional information about this decom-
position:
Corollary 3.1.2. Suppose that we are in the situation of Theorem 3.1.1 and that
the assumptions of (a) are fulfilled. Denote by PT and PS the projections onto the
spaces of reversible elements for T and S which are given by the Jacobs–de Leeuw–
Glicksberg decomposition. Then PT ≥ PS ≥ 0; in particular, rankPT ≥ rankPS .
Proof. It follows from Theorem 3.1.1 that S is weakly almost periodic and thus
admissible for the Jacobs–de Leeuw–Glicksberg decomposition. The construction of
this decomposition together with the asymptotic domination implies that PT ≥ PS .
Moreover, PS ≥ 0 by the positivity of S. Finally, the rank estimate follows from
[13, Proposition 2.1.3]. 
3.2. Mean ergodic theorems. In this subsection we prove mean ergodic theo-
rems for positive operators on ordered Banach spaces with weakly compact order
intervals. The assertion of our first result, Theorem 3.2.1, is not directly related to
asymptotic domination; however, the concept of asymptotic domination occurs in
its proof.
Recall that it might happen that a positive operator T on a Banach lattice
is mean ergodic, while not all the powers of T are mean ergodic. Indeed, Sine
[37] constructed an example of a Koopman operator T on the space of continuous
functions on a certain compact Hausdorff space such that T is mean ergodic, while
T 2 is not; further counterexamples can be found in [10] and in [21].
However, the situation changes if we require additional regularity properties from
the space X . If, for instance, X is a Banach lattice with order continuous norm
and T ∈ L(E) is positive and mean ergodic, then T r is indeed mean ergodic for
every r ∈ N. This was proved by Derriennic and Krengel in [6, Proposition 4.5]. In
[15, Theorem 12] this result was generalised to ideally ordered Banach spaces. In
the next theorem we show that it is actually true on every ordered Banach space
with weakly compact order intervals.
Theorem 3.2.1. Let X be an ordered Banach space with generating cone and
assume that all order intervals in X are weakly compact. Let T ∈ L(X) be a mean
ergodic positive operator and let r ∈ N. Then T r is mean ergodic, too.
Proof. First note that the positive cone X+ is normal since every order inter-
val is weakly compact. Define T := (T n)n∈N0 . Since T is mean ergodic, the
sequence (An(T ))n∈N converges strongly to a positive projection P . Moreover,
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limn→∞ n
−1T n = 0 holds with respect to the strong operator topology. The Cesa`ro
means of the semigroup S := (T rn)n∈N0 fulfil the estimate
An(S) =
1
n
n−1∑
k=0
T rk ≤
r
rn
rn−1∑
k=0
T k = r · Arn(T )
for each n ∈ N. This implies that the operator T r is Cesa`ro bounded (since the cone
X+ is normal and generating) and that the sequence (An(S))n∈N is asymptotically
dominated by the operator r · P .
Hence, it follows from Corollary 2.2.7 that, for every x ≥ 0, the sequence
(An(S)x)n∈N has a weakly convergent subsequence. Since n
−1T rn = rrnT
rn we
conclude the n−1T rn converges strongly to 0 as n → ∞, so the assertion follows
from Eberlein’s ergodic theorem (see [13, Theorem 1.1.7] or [9, Theorem 8.20]). 
The remaing results in this section deal with the question how mean ergodicity
interacts with asymptotic domination. To prove those results, we need the following
elementary lemma.
Lemma 3.2.2. Let X be an ordered Banach space with generating cone and assume
that all order intervals in X are weakly compact. Let J = N0 or J = [0,∞) and
consider two mappings f, g : J 7→ X+ which satisfy g a f .
(a) Let J = N0. Then the Cesa`ro means of g are asymptotically dominated by
the Cesa`ro means of f , i.e. we have(
1
n
n−1∑
k=0
g(k)
)
n∈N
a
(
1
n
n−1∑
k=0
f(k)
)
n∈N
.
(b) Let J = [0,∞) and assume in addition that f and g are continuous. Then
the Cesa`ro means of g are asymptotically dominated by the Cesa`ro means of
f , i.e. we have(
1
t
∫ t
0
g(s)ds
)
t∈(0,∞)
a
(
1
t
∫ t
0
f(s)ds
)
t∈(0,∞)
.
Proof. The case of J = N0 follows immediately from the subadditivity of the func-
tional d+, so assume that J = [0,∞). Then the subadditivity together with the
continuity of d+ implies
0 ≤ d+
(
1
t
∫ t
0
f(s) ds−
1
t
∫ t
0
g(s) ds
)
= d+
(
1
t
∫ t
0
(f(s)− g(s)) ds
)
≤
1
t
∫ t
0
d+(f(s)x− g(s)) ds.
for each t ∈ (0,∞). This yields the assertion since lims→∞ d+(f(s)− g(s)) = 0 by
assumption. 
Consider a positive operator T on a Banach lattice E and assume that T is
power order bounded, meaning that, for each x ∈ E, the orbit {T nx : n ∈ N0}
is contained in an order interval of E. If E has order continuous norm, then it is
not difficult to see that T is mean ergodic. Next, we generalise this observation in
several respects.
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Definition 3.2.3. Let X be an ordered Banach space and let J = N0 or J = [0,∞).
A positive semigroup T = (Tt)t∈J on E is called asymptotically order bounded if,
for every x ∈ X+, there exists a vector y ∈ X+ which asymptotically dominates
the orbit mapping J ∋ t→ Ttx ∈ X .
Observe that, if X+ is generating and normal, every positive semigroup on X
which is asymptotically ordered bounded is automatically bounded due to the uni-
form boundedness principle.
Proposition 3.2.4. Let X be an ordered Banach space with generating cone and
let J = N0 oder J = [0,∞). Let T = (Tt)t∈J be a positive semigroup which is
asymptotically order bounded and assume that T is strongly continuous in case that
J = [0,∞). If all order intervals in X are weakly compact, then T is mean ergodic.
Proof. Since every order intervall in X is weakly compact, it follows that the posi-
tive cone on X is normal and hence, the semigroup T is bounded.
Let x ∈ X+. By assumption there exists a vector y ∈ X+ which asymptotically
dominates the orbit (Ttx)t∈J . Then (At(T )x)t∈J\{0} is asymptotically dominated
by y according to Lemma 3.2.2. Corollary 2.2.7(a) and Eberlein’s ergodic theorem
(see [13, Theorem 1.1.7], or [9, Theorem 8.20] and [17, Theorem V.4.5(c)]) yield
the assertion. 
Open Problem 3.2.5. In [14, Theorem 1.1], E. Yu. Emel’yanov and the second
author proved a converse result: if every (asymptotically) order bounded positive
operator on a Banach lattice is mean ergodic, then every order interval is weakly
compact. It is an open problem whether this assertion holds on more general
ordered Banach spaces.
Finally, we consider the question whether mean ergodicity of a semigroup T is
inherited by a semigroup S which is asymptotically dominated by T . Previous
results on this question were given by Arendt and Batty on Banach lattices with
order continuous norm [3, Theorem 1.1] (where they assumed domination instead of
asymptotic domination) and by Emel’yanov and the second author for time discrete
semigroups (J = N0) on an ordered Banach space with strongly normal cone and
weakly compact order intervals [15, Theorem 14]; see also [13, Theorem 2.1.11]. A
similar result was proved for dominated C0-semigroups on the same kind of ordered
Banach spaces [13, Theorem 2.1.12]. The following theorem shows that neither
strong normality of the cone nor the restriction to purely dominated semigroups is
needed for this result.
Theorem 3.2.6. Let X be an ordered Banach space with generating cone and
assume that all order intervals in X are weakly compact. Let J = N0 or J = [0,∞)
and consider two positive semigroups S = (St)t∈J and T = (Tt)t∈J on X which we
assume to be strongly continuous in case that J = [0,∞). Assume that T is mean
ergodic and that it asymptotically dominates S.
(a) If J = N0, then S is mean ergodic.
(b) Let J = [0,∞). If (Tt/t)t∈[1,∞) is bounded, then S is mean ergodic.
(c) In both cases (a) and (b) the corresponding mean ergodic projections PS and
PT satisfy 0 ≤ PS ≤ PT and hence rankPS ≤ rankPT .
For the proof we use the following observation which can be checked by a few
straightforward computations: if T = (T (t))t∈[0,∞) is a mean ergodic C0-semigroup
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on a Banach space X , then
1/t · T (t)
∫ s
0
T (τ)x dτ → 0 as t→∞ (3.1)
for all x ∈ X and all s > 0.
Proof of Theorem 3.2.6. First note that it follows from the uniform boundedness
principle that the coneX+ inX is normal. Fix x ∈ X+. It follows from Lemma 3.2.2
and Corollary 2.2.7(a) that the net (At(S)x)t∈J\{0} possesses a weakly convergent
subsequence.
(a) Let J = N0. Since T is ergodic, Tn/n converges strongly to 0 as n→∞. As
(Snx)n∈N0 is asymptotically dominated by (Tnx)n∈N0 , it follows that (Sn/n)x→ 0
as n→∞ and that S is Cesa`ro bounded (by Lemma 3.2.2), so the assertion follows
from Eberlein’s Ergodic theorem [13, Theorem 1.1.7].
(b) Let J = [0,∞). It follows from (3.1) that the net (Tt/t)t∈[1,∞) converges
pointwise to 0 on a dense subset of X . Since the net is bounded by assumption, it
thus converges strongly to 0 on the entire space X . Hence, (St/t)t∈[1,∞) converges
strongly to 0, too; since S is Cesa`ro bounded by Lemma 3.2.2, the assertion again
follows from Eberlein’s ergodic theorem [13, Theorem 1.1.7].
(c) Clearly, 0 ≤ PS ≤ PT . The rank estimate thus follows from [13, Proposi-
tion 2.1.3]. 
In part (b) of the above theorem, the assumption that (Tt/t)t∈(0,∞) be bounded
follows automatically from the mean ergodicity of T in case that the norm on X
is additive on the positive cone (see Subsection 4.2 and the appendix for details
about such spaces). Indeed, we have the following result:
Proposition 3.2.7. Let X be an ordered Banach space with generating cone and
assume that the norm is additive on the positive cone, meaning that ‖x + y‖ =
‖x‖ + ‖y‖ for all x, y ∈ X+. Let T = (Tt)t∈[0,∞) be a positive and mean ergodic
C0-semigroup on X. Then (Tt/t)t∈[1,∞) is bounded (and hence, Tt/t→ 0 as t→∞
with respect to the strong operator topology).
Proof. It suffices to prove that supt≥1 1/t · ‖T (t)x‖ <∞ for all x ∈ X+, so assume
for a contradiction that there exists a vector x ∈ X+ for which we have supt≥1 1/t ·
‖T (t)x‖ =∞.
We define M := supt∈[0,1]‖T (t)‖ < ∞. By applying (3.1) for s = 1 we can find
a number t0 > 0 such that
1/t · ‖
∫ t+1
t
T (τ)x dτ‖ = 1/t · ‖T (t)
∫ 1
0
T (τ)x dτ‖ ≤ 1 (3.2)
for all t > t0.
Since supt∈[1,t0+1] 1/t ·‖T (t)x‖ <∞, it follows from supt≥1 1/t‖T (t)x‖ =∞ that
there exists a time t1 > t0 + 1 for which we have 1/t1 · ‖T (t1)x‖ > M .
We now set t := t1 − 1 > t0 and apply (3.2). Using that the norm is additive on
X+, we obtain∫ t1
t1−1
1/t1 · ‖T (τ)x‖ dτ ≤ 1/t
∫ t+1
t
‖T (τ)x‖ dτ =
1
t
‖
∫ t+1
t
T (τ)x dτ‖ ≤ 1.
Hence, there exists a number τ ∈ [t1 − 1, t1] such that 1/t1 · ‖T (τ)x‖ ≤ 1 and thus,
1/t1 · ‖T (t1)x‖ ≤ 1/t1 · ‖T (t1 − τ)‖ · ‖T (τ)x‖ ≤M.
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This is a contradiction. 
4. Lower bound theorems
4.1. Introduction. In the previous chapter we proved theorems about the asymp-
totic behaviour of positive semigroups under the assumption that they are asymp-
totically dominated by another semigroup. In the present chapter we change our
perspective and assume instead that the semigroup orbits asymptotically dominate
a time-independent vector, called lower bound, and conclude that roughly spoken
the semigroup converges. More precisely we make the following definition:
Definition 4.1.1. Let J = N0 or J = [0,∞). A semigroup T = (Tt)t∈J on
a Banach space X is called strongly convergent if, for every x ∈ X , the limit
limt→∞ Ttx exists with respect to the norm topology on X .
Remark 4.1.2. If a semigroup T = (Tt)t∈J is strongly convergent, then its limit
operator is always a projection which commutes with all operators Tt and which
we denote by PT .
It was first observed by Lasota and Yorke that the existence of non-zero lower
bounds implies strong stability for Markov semigroups on L1-spaces; see [26, The-
orem 2 and Remark 3] and [25, Theorem 1.1]. Later on, this result was generalised
to more general semigroups on L1-spaces, see [41, Theorem 2.1], [23, Corollary 5.1]
and [20, Section 3]. Convergence theorems in case that there exists a different lower
bound for each orbit can be found in [7, Theorem 1.1] and [20, Sections 4 and 5].
We note that all the results quoted above are formulated in the setting of L1-
spaces (or, from a more abstract point of view, on AL-Banach lattices). The reason
is that, on a Banach lattice X and under mild technical assumptions, the existence
of an operator which possesses a lower bound implies that the space is an AL-
space with respect to an equivalent norm [20, Theorem 3.7]. There are, however,
some results available in the more general setting of non-commutative L1-spaces,
see [1, 33, 16]; we refer also to [13, Section 3.3] for an overview of the latter topic.
In Subsection 4.4 we prove convergence theorems for semigroups possessing a
lower bound on general ordered Banach space whose norm is additive on the positive
cone. We start with a brief discussion of those spaces in Subsection 4.2 (see also
the appendix where several non-trivial examples of such spaces are presented). In
the subsequent two subsections we present our convergence results.
It is worthwhile noting that there is a lower bound type theorem of Soca la
[38, Theorem 1] that also works on general ordered Banach spaces, but whose
assumptions differ considerably from ours.
4.2. AN–spaces (Spaces with additive norm). The norm on an ordered Ba-
nach space X is said to be additive on the positive cone – or, for short, additive on
X+ – if ‖x+ y‖ = ‖x‖+ ‖y‖ for all x, y ∈ X+.
Definition 4.2.1. We call an ordered Banach space (X,X+) an AN–space if the
positive cone X+ is generating and if the norm is additive on X+.
Note that the positive cone of an AN–space is normal since an additive norm is
monotone.
A Banach lattice whose norm is additive on the positive cone is called an AL-
Banach lattice or, for short, an AL-space. Every L1-space over an arbitrary measure
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space is an AL-space and conversely, every AL-space is (isometrically lattice) iso-
morphic to an L1-space. Typical examples of AN–spaces which are not AL–Banach
lattices are preduals of von Neumann algebras or noncommutative L1–spaces. Sev-
eral further examples are presented in Appendix A.
Let X be an AN–space. We note that X is called a base norm space if it fulfils,
in addition, the equation
‖x‖ = inf{‖y‖+ ‖z‖ : y, z ∈ X+, x = y − z} (4.1)
for all x ∈ X . We can always endow a given AN–space X with an equivalent norm
‖ · ‖1 which agrees with the given norm on X+ (and hence is still additive on X+)
and which renders X a base norm space; more precisely, we have the following
proposition:
Proposition 4.2.2. Let X be an AN–space. Then there exists an equivalent norm
‖ · ‖1 on X which possesses the following properties:
(a) On X+, the norm ‖ · ‖1 coincides with the original norm.
(b) The space (X, ‖ · ‖1) is even a base norm space.
Proof. Simply define ‖x‖1 to be the right hand side of (4.1) for every x ∈ X .
Then it is easy to check that ‖ · ‖1 is an equivalent norm on X which fulfils both
properties (a) and (b). 
For more information about base norm space norm spaces we refer, for instance,
to [31] and [5, Section 1.4].
Let X be an AN–space. Then there exists a uniquely determined functional
1 ∈ X ′+ that fulfils 〈1, x〉 = ‖x‖ for all x ∈ X+; we call 1 the norm functional
on X . Let us collect a few properties of the norm functional in the following
proposition.
Proposition 4.2.3. Let X be an AN–space. Then the norm functional 1 ∈ X ′+
has the following properties:
(a) If X 6= {0}, then ‖1‖ = 1.
(b) The unit ball of X ′ is contained in [−1,1].
(c) We have ‖x′′‖ = 〈x′′,1〉 for all x′′ ∈ X ′′+.
Proof. (a) The inequality ‖1‖ ≥ 1 is obvious as X 6= {0} and hence X+ 6= {0}. On
the other hand, we can decompose every x ∈ X as x = y − z for some y, z ∈ X+
and it thus follows from the inverse triangle inequality that
‖x‖ ≥ |‖y‖ − ‖z‖| = |〈1, y〉 − 〈1, z〉| = |〈1, x〉|.
(b) Whenever x′ ∈ X ′ is a functional of norm ‖x′‖ ≤ 1 we have 〈1 − x′, x〉 =
‖x‖− 〈x′, x〉 ≥ 0 for all x ∈ X+, so 1 ≥ x
′. By applying this to −x′, we also obtain
−1 ≤ x′.
(c) The assertion is obvious if X = {0}, so assume X 6= {0}. Let x′′ ∈ X ′′+. Since
‖1‖ = 1, it follows that ‖x′′‖ ≥ 〈x′′,1〉. If, on the other hand, x′ ∈ X ′ has norm at
most 1, then it follows from (b) that −1 ≤ x′ ≤ 1. Thus,
−〈x′′,1〉 ≤ 〈x′′, x′〉 ≤ 〈x′′,1〉,
so 〈x′′,1〉 ≥ |〈x′′, x′〉|. 
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The rather simple structure theory of AL-Banach lattices should not tempt us
into believing that AN–spaces are similarly well-behaved. In Appendix A we present
a variety of example which demonstrate that AN–spaces may have rather disparate
regularity properties. This topic is also related to regularity properties of so-called
KB-spaces which we discuss in the following remark.
Remark 4.2.4. Recall that a Banach lattice X is called a KB-space if one of the
following equivalent assertions is fulfilled [36, Proposition II.5.15].
(i) Every increasing norm bounded sequence in X is norm convergent.
(ii) The space X is a projection band in its bidual.
Note that every KB-space X has order continuous norm and hence, every order
interval in such a space X is weakly compact. We also point out that it is easy to
see that every AL-Banach lattice is a KB-space.
Let us now discuss what happens to the equivalence “(i) ⇔ (ii)” if X is only
an ordered Banach space with generating and normal cone (note that assertion (ii)
only makes sense if X+ is generating and normal).
The implication “(ii) ⇒ (i)” remains true. Indeed, let (xj) be an increasing
norm-bounded sequence (or net) in X . Then (xj) converges to an element x
′′ ∈ X ′′
with respect to the weak∗-topology. If (ii) holds and P ∈ L(X ′′) denotes the band
projection onto X , one immediately checks that Px′′ = x′′; hence, x := x′′ is
in fact an element of X and (xj) converges weakly to x. This implies (i) since
every increasing and weakly convergent net is automatically norm convergent [35,
Theorem V.4.3].
By contrast, the implication “(i) ⇒ (ii)” fails in general. Indeed, there exist
AN–spaces for which not every order interval is weakly compact (see for instance
Remark A.3 in the appendix). Such a space X cannot be a projection band in its
bi-dual according to Proposition 2.1.6; yet, it is easy to see that every increasing
norm bounded sequence in an AN-space is norm convergent.
4.3. Individual and universal lower bounds. In the remaining part of the
article we derive convergence theorems for positive operator semigroups from the
existence of so-called lower bounds which are defined as follows.
Definition 4.3.1. Let X be an ordered Banach space and let T = (Tt)t∈J be a
positive one-parameter semigroup on X (where J = N0 or J = [0,∞)).
(i) Let f ∈ X+ be of norm 1. A vector h > 0 is called an (individual) lower
bound for the pair (T , f) if h is asymptotically dominated by (Ttf)t∈J .
(ii) A vector h > 0 is called a universal lower bound for T if it is a lower bound
for the pair (T , f) for each f ∈ X+ of norm 1.
For the rest of this definition we assume that T is a C0-semigroup in case that
J = [0,∞).
(iii) Let f ∈ X+ be of norm 1. A vector h > 0 is called an (individual) mean lower
bound for the pair (T , f) if h is asymptotically dominated by (At(T )f)t∈J .
(iv) A vector h > 0 is called a universal mean lower bound for T if it is a mean
lower bound for the pair (T , f) for each f ∈ X+ of norm 1.
If the semigroup T is clear from the context we say hf is a lower bound for f ,
and so on.
Universal lower bounds on L1-spaces were introduced by Lasota and Yorke in [26]
in order to study the Perron–Frobenius operator associated with certain dynamical
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systems. They derived strong convergence of the semigroup from the existence of
such a lower bound. Individual lower bounds were first considered by Ding [7]
for semigroups of Perron–Frobenius operators. Ding’s results can for instance be
employed in the study of certain mixing properties of dynamical systems, see [19,
Section 2]. Individual lower bounds for more general positive semigroups on AL-
Banach lattices were in the focus of a recent paper [20] by Gerlach and the first of
the present authors. On AL-Banach lattices mean lower bounds were for instance
considered in [12] and on preduals of von Neumann algebras they were studied in
[16]. In the rest of this article we will generalise several results about lower bounds
of semigroups from AL-Banach lattices and preduals of von Neumann algebras to
general AN–spaces.
The following remark, which shows that the existence of lower bounds is con-
sistent with renorming arguments, will be used tacitly on several occasions in the
sequel:
Remark 4.3.2. (a) Let X be an ordered Banach space and let T = (Tt)t∈J be a
positive one-parameter semigroup on X (where J = N0 or J = [0,∞)). Assume
that, for every f ∈ X+ of norm 1, there exists a (mean) lower bound hf ∈ X+ of
(T , f) such that inf{‖hf‖ : f ∈ X+, ‖f‖ = 1} > 0
This assumptions remains true whenever we endow X with an equivalent norm.
The proof of this observation is elementary, so we omit it.
(b) A similar observation is also true for universal (mean) lower bounds.
We now recall the notion of aMarkov operator which is essential for our approach.
Definition 4.3.3. Let X be an AN–space. We call a linear operator T ∈ L(X) a
Markov operator if T is positive and if ‖Tf‖ = ‖f‖ for every f ∈ X+. Equivalently,
T is positive and the norm functional 1 is a fixed point of the dual operator T ′.
A one-parameter semigroup T = (Tt)t∈J (where J = N0 or J = [0,∞)) is called a
Markov semigroup if every operator Tt is a Markov operator.
Note that a Markov semigroup on an AN–space X is automatically bounded;
this is a consequence of the decomposition property in (2.2). If X is even a base
norm space, then every Markov semigroup is actually contractive.
Our first goal is to show in Proposition 4.3.5 that the existence of (mean) lower
bounds for a semigroup T makes it possible to renorm the underlying space X such
that X becomes a base norm space and such that T becomes a Markov semigroup.
We start with the following simple lemma:
Lemma 4.3.4. Let X be an ordered Banach space with generating cone. Let ψ be
a positive linear functional on X and define ‖f‖ψ = inf{〈ψ, g+h〉 : g, h ∈ X+, f =
g − h} for every f ∈ X.
Then ‖ · ‖ψ is a seminorm which is additive on the positive cone which satis-
fies ‖f‖ψ ≤ 2C ‖ψ‖ ‖f‖, where C is the constant from the decomposition property
in (2.2).
If, moreover, inf
{
〈ψ, f〉 : f ∈ X+, ‖f‖ = 1
}
> 0, then the seminorm ‖ · ‖ψ is
actually a norm which is equivalent to the original norm on X and (X, ‖ · ‖ψ) is
base–norm space.
Proof. The proof is straightforward, so we omit the details. 
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We will need a few facts about Banach limits which we recall next. Let either
J = N0 or J = [0,∞); a Banach limit ℓ
∞(J) is a positive linear functional b ∈(
ℓ∞(J)
)′
satisfying
(i) 〈b,1J 〉 = 1,
(ii) 〈b, Suf〉 = 〈b, f〉 for all f ∈ E and all u ∈ J , where Su denotes the left shift
operator on E given by (Suf)(t) = f(u+ t) for all f ∈ E and all t ∈ J .
Note that there exists a Banach lattice on ℓ∞(J) since J is a commutative semigroup
and thus amenable (see e.g. [28, p. 178]). As a consequence of the definition of a
Banach limit, we have 〈b, f〉 = limt→∞ f(t) for all f ∈ ℓ
∞(J) for which this limit
exists.
Proposition 4.3.5. Let X be an ordered Banach space with generating cone and
let T = (Tt)t∈J be a bounded semigroup of positive operators on X, where either
J = N0 or J = [0,∞). Assume that at least one of the following two conditions is
satisfied:
(a) For every f ≥ 0 of norm 1, there exists a lower bound hf of (T , f) and we
can find a positive functional ϕ ∈ X ′ such that inf{〈ϕ, hf 〉 : f ∈ X+, ‖f‖ =
1} =: β > 0.
(b) Either J = N0 or J = [0,∞) and T is strongly continuous. Moreover, for
every f ≥ 0 of norm 1, there exists a mean lower bound hf of (T , f) and we
can find a positive functional ϕ ∈ X ′ such that inf{〈ϕ, hf 〉 : f ∈ X+, ‖f‖ =
1} =: γ > 0.
Then there exists an equivalent additive norm ‖ · ‖1 on X such that (X, ‖ · ‖1) is a
base norm space and such that all operators Tt are Markov operators.
Proof. (b) Fix a Banach limit b ∈ ℓ∞(J)′. We define a positive functional ψ ∈ X ′
by means of the formula
〈ψ, g〉 =
〈
b,
(
〈ϕ,At(T )g〉
)
t∈J
〉
∀g ∈ X.
Then it is easy to see that ψ is invariant under T , i.e. we have T ′tψ = ψ for all
t ∈ J . Moreover, it follows fro the assumption on ψ and from the definition of a
mean lower bound that 〈ψ, f〉 ≥ γ for each f ∈ X+ of norm 1. Hence, the seminorm
‖ · ‖ψ from Lemma 4.3.4 is, according to the lemma, a an equivalent norm on X
and (X, ‖ · ‖ψ) is a base norm space. It follows from the T -invariance of ψ that the
semigroup T is Markov with respect to ‖ · ‖ψ.
(a) If J = N0 or if J = [0,∞) and T is strongly continuous, every lower bound of
(T , f) is also a mean lower bound of (T , f); thus, the assertion follows from (b) in
those cases. If J = [0,∞) and T is not strongly continuous, we can argue similarly
as in the proof of (b); we only have to replace the vector
(
〈ϕ,At(T )g〉
)
t∈J
in the
definition of ψ with
(
〈ϕ, Ttg〉
)
t∈J
. 
Corollary 4.3.6. Let X be an AN-space and let T = (Tt)t∈J be a bounded positive
one-parameter semigroup on X (where J = N0 or J = [0,∞)). Assume that at
least one of the following two conditions is satisfied:
(a) For every f ≥ 0 of norm 1, there exists a lower bound hf of (T , f) such that
inf{‖hf‖ : f ∈ X+, ‖f‖ = 1} =: β > 0.
(b) Either J = N0 or J = [0,∞) and T is strongly continuous. Moreover, for
every f ≥ 0 of norm 1, there exists a mean lower bound hf of (T , f) such
that inf{‖hf‖ : f ∈ X+, ‖f‖ = 1} =: γ > 0.
ASYMPTOTIC DOMINATION OF SEMIGROUPS 19
Then there exists an equivalent additive norm ‖ · ‖1 on X such that (X, ‖ · ‖1) is a
base norm space and such that all operators Tt are Markov operators.
Proof. Apply the preceding Proposition 4.3.5 to ϕ = 1 where 1 denotes the norm
functional on X . 
Corollary 4.3.7. Let X be an ordered Banach space with generating cone and let
T = (Tt)t∈J be a bounded positive one-parameter semigroup on X (where J = N0
or J = [0,∞)). Assume that at least one of the following two conditions is satisfied:
(a) There exists a universal lower bound h > 0 of T .
(b) Either J = N0 or J = [0,∞) and T is strongly continuous. Moreover, there
exists a universal mean lower bound h > 0 of T .
Then there exists an equivalent additive norm ‖ · ‖1 on X such that (X, ‖ · ‖1) is a
base norm space and such that all operators Tt are Markov operators.
Proof. According to Corollary 2.1.3(b) there exists a positive linear functional ϕ ∈
X ′ such that ϕ(h) > 0. Thus, we can apply Proposition 4.3.5 to this ϕ. 
In case that X is a Banach lattice, the above results were implicitly contained
in the proofs of Corollaries 3.5 and 4.5 of [20].
4.4. Individual lower bounds and strong convergence. Let us now proceed
towards our goal to prove convergence results for positive operator semigroups in
case that they admit certain lower bounds. Our results, in particular Theorem 4.4.5
and Corollary 4.4.6, substantially generalise results for AL-Banach lattices that
were recently obtain by M. Gerlach and the first author [19] as well as a result of
Ayupov, Sarymsakov and Grabarnik which was proved in [1] for universal lower
bounds on the predual of a von Neumann algebra (see also [13, Theorem 3.3.6,
Theorem 3.3.17]).
In our first result of this type, Theorem 4.4.1, we consider the special case where
the lower bounds are, at the same time, fixed points of the semigroup.
Theorem 4.4.1. Let X be an AN-space and let T = (Tt)t∈J be a bounded positive
one-parameter semigroup on X (where J = N0 or J = [0,∞)). The following
assertions are equivalent:
(i) The semigroup T is strongly convergent and the limit operator P fulfils
‖Pf‖ ≥ γ‖f‖ for a number γ > 0 and all f ∈ X+.
(ii) For every f ∈ X+ of norm 1 we can find a lower bound hf ∈ X+ of (T , f)
which is a fixed point of T and for which we have inf{‖hf‖ : f ∈ X+, ‖f‖ =
1} > 0.
For the proof of the non-trivial implication in Theorem 4.4.1 we borrow an
essential idea from the proof of [20, Theorem 4.4]. However, the proof of the latter
result cannot be completely transferred to our situation since, at some steps, it
heavily uses the lattice structure of the underlying space. As our space does not
need to be a lattice, we thus need some new arguments.
The following observation which is, in a sense, a particularly neat version of
Proposition 2.2.2, will come in handy in the proof of Theorem 4.4.1.
Remark 4.4.2. Assume that X is a base norm space and let ε > 0. If a vector
f ∈ X fulfils d+(f) < ε, then we can find vectors g, e ∈ X+ such that f = g − e
and ‖e‖ < ε.
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Proof. There exists a vector u ∈ X+ such that ‖f − u‖ < ε and by formula (4.1)
we can find d, e ∈ X+ for which we have ‖d‖+ ‖e‖ < ε and f − u = d− e. Hence,
f = u+ d− e, so the assertion follows with g := u+ d. 
Proof of Theorem 4.4.1. The implication “(i) ⇒ (ii)” is obvious. For the converse
implication “(ii) ⇒ (i)” it suffices to prove that (ii) implies strong convergence of
the semigroup. Set β := inf{‖hf‖ : f ∈ X+, ‖f‖ = 1} > 0. We proceed in three
steps.
(1) According to Corollary 4.3.6 we may assume that X is even a base norm
space, meaning that the norm fulfils the equality (4.1); we may also assume through-
out the proof that T is a Markov semigroup.
(2) Let ε > 0 and let f ∈ X+ be of norm ‖f‖ = 1. We show that there exists a
vector hf,ε ∈ X+ such that ‖hf,ε‖ ≥ 1 and such that lim supt→∞ d+(Ttf−hf,ε) ≤ ε.
To this end, first note that ‖hf‖ ≤ 1; this follows from Proposition 2.2.2 and from
the fact that ‖Ttf‖ = 1 for all t ∈ J . Hence the number δ := 1 − ‖hf‖ is non-
negative. Let us construct an increasing sequence (hn)n∈N0 ⊆ E+ of fixed points of
T which fulfils the following two properties:
(a) For each n ∈ N0 we have ‖hn‖ ≥ 1− δ(1− β)
n.
(b) For each n ∈ N0 we have lim supt→∞ d+(Ttf − hn) < ε.
We choose h0 := hf , which clearly fulfils (a) and (b) and which is a fixed point of T
be assumption. Assume now that, for some n ∈ N0, the vector hn has already been
constructed. If ‖hn‖ ≥ 1, then we simply define hn+1 := hn, which clearly fulfils (a)
and (b). If ‖hn‖ < 1, then we proceed as follows. According to property (b), there
exists a time t0 ∈ J such that d+(Tt0f − hn) < ε. Remark 4.4.2 thus implies the
existence of vectors gn, en ∈ X+ which fulfil ‖en‖ < ε and Tt0f − hn = gn − en.
Note that we have
‖gn‖+ ‖hn‖ = ‖gn + hn‖ = ‖Tt0f + en‖ ≥ ‖Tt0f‖ = 1,
so ‖gn‖ ≥ 1− ‖hn‖ > 0. We define an := ‖gn‖ · hgn/‖gn‖ and hn+1 := hn + an. As
an and hn are fixed points of T , so is hn+1. We have to show that hn+1 fulfils (a)
and (b). Observe that
‖hn+1‖ = ‖hn‖+ ‖an‖ ≥ ‖hn‖+ ‖gn‖β ≥ ‖hn‖+ (1 − ‖hn‖)β
= β + ‖hn‖(1− β) ≥ β +
(
1− δ(1− β)n
)
(1− β) = 1− δ(1 − β)n+1;
for the last inequality we used that β ≤ 1, which follows from the fact that the
vector hf has norm at most 1. Hence, hn+1 fulfils (a). To see (b), we let s ∈ J and
compute that
Tt0+sf − hn+1 = Ts(hn + gn − en)− Tshn − an = Tsgn − an − Tsen
(where we used for the first equality that hn is a fixed point of T ) and hence,
d+(Tt0+sf − hn+1) ≤ d+(Tsgn − an) + ‖Tsen‖ → ‖en‖
as s → ∞. Therefore, we have lim supt→∞ d+(Ttf − hn+1) ≤ ‖en‖ < ε, i.e. hn+1
fulfils (b).
Now, as we have the sequence (hn)n∈N0 available, it is easy to obtain a vector
hf,ε with the properties that we claimed above. Indeed, note that we have ‖hn‖ <
1 + ε for each n ∈ N0; this follows from property (b) and from Remark 4.4.2
above. Since the sequence (hn)n∈N0 ⊆ X+ is increasing and norm-bounded it is,
as the norm is additive on X+, a Cauchy sequence; thus it converges to a vector
ASYMPTOTIC DOMINATION OF SEMIGROUPS 21
hf,ε ∈ X+. We conclude from (a) that hf,ε has norm at least 1 and from (b) that
lim supt→∞ d+(Ttf − hf,ε) ≤ ε as claimed.
(3) Now, consider a vector f ∈ X+ of norm ‖f‖ = 1. We show that the net
(Ttf)t∈J is a Cauchy net in X and hence convergent; this implies the assertion.
So, let ε > 0. By what we have shown above, there exists a time t0 ∈ J such that
d+(Ttf − hf,ε) < 2ε for all t ≥ t0. Fix t ≥ t0. According to Remark 4.4.2 we can
decompose Ttf − hf,ε as
Ttf − hf,ε = g − e,
where g, e ∈ X+ and where ‖e‖ < 2ε. Hence, we have Ttf + e = hf,ε + g and
therefore,
1 + 2ε > 1 + ‖e‖ = ‖Ttf + e‖ = ‖hf,ε‖+ ‖g‖ ≥ 1 + ‖g‖,
which proves that ‖g‖ < 2ε, too. We conclude that ‖Ttf − hf,ε‖ = ‖g − e‖ < 4ε.
Since t ≥ t0 was arbitrary we obtain ‖Ttf − Tsf‖ < 8ε for all t, s ≥ t0. This proves
that (Ttf)t∈J is indeed a Cauchy net, as claimed. 
The assumption in Theorem 4.4.1 that the lower bounds hf be fixed points is,
of course, a bit peculiar. The easiest way to overcome it is to require that the
semigroup is mean ergodic:
Corollary 4.4.3. Let X be an AN-space. Let T = (Tt)t∈J be a bounded positive
one-parameter semigroup on X (where J = N0 or J = [0,∞)) and assume that T
is strongly continuous in case J = [0,∞). Suppose that the following hypotheses
hold:
(i) For every f ∈ X+ of norm 1 there exists a lower bound hf ∈ X+ of (T , f)
such that β := inff ‖hf‖ > 0,
(ii) T is mean ergodic.
Then T is strongly convergent.
Proof. By Proposition 4.2.2 and Corollary 4.3.6 we can assume that X is a base
norm space and that T is a Markov semigroup. By hypothesis (ii) the net
(At(T )hf )t>0 converges to a T –invariant vector gf ∈ X+. Since all At(T ) are
Markov operators, we have ‖gf‖ ≥ β. Moreover, gf is a lower bound for (T , f) as the
set of all lower bounds for (T , f) is T -invariant (as a consequence of formula (2.3)),
convex and closed. Now the assertion follows from Theorem 4.4.1 
In the subsequent Theorem 4.4.5 we give a deeper sufficient condition in order
to get rid of the assumption that every lower bound hf be a fixed point of T . For
its proof we need also the following lemma:
Lemma 4.4.4. Let X be an AN–space which is a projection band in its bi-dual X ′′.
Let T = (Tt)t∈N0 = (T
n)n∈N0 be a semigroup of Markov operators and let f ∈ X+
be a vector of norm 1.
If hf ∈ X+ is a (mean) lower bound of (T , f), then there also exists a (mean)
lower bound gf ∈ X+ of (T , f) which is a fixed point of T and which fulfils ‖gf‖ =
‖hf‖.
Proof. We consider X as a subspace of its bidual X ′′ by means of evaluation. The
sequence of Cesa`ro means (At(T )f)t∈N has a subnet which converges with respect
to the weak∗-topology on X ′′ (i.e. the topology on X ′′ which is induced by X ′) to a
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fixed point x′′ ∈ X ′′+ of the bi-dual semigroup T
′′ := (T ′′t )t∈N0 . One readily checks
that x′′ ≥ hf .
Now, let P ∈ L(X ′′) be the band projection onto X . Then we have 0 < hf =
Phf ≤ Px
′′ =: y, i.e. hf is contained in the order interval [0, y] in X . On the other
hand, we have Tty = PT
′′
t Px
′′ ≤ PT ′′t x
′′ = Px′′ = y for all t ∈ N0, so the order
interval [0, y] in X is invariant under the action of T . Thus, the orbit of hf under T
is contained in [0, y]. Since [0, y] is weakly compact according to Proposition 2.1.6,
we conclude from the mean ergodic theorem (see e.g. [13, Theorem 1.1.7]) that
the sequence of Cesa`ro means (At(T )hf )t∈N converges in norm to a fixed point
gf ∈ X+ of T . Note that ‖gf‖ = ‖hf‖ since the semigroup T consists of Markov
operators. Moreover, the set of all (mean) lower bounds for (T , f) is easily checked
to be T -invariant, convex and norm closed. Thus, gf is a (mean) lower bound of
(T , f). 
Theorem 4.4.5. Let X be an AN–space and let T = (Tt)t∈J be a bounded positive
one-parameter semigroup on X (where J = N0 or J = [0,∞)). Assume that the
following hypotheses hold:
(i) For every f ∈ X+ of norm 1 there exists a lower bound hf ∈ X+ of (T , f)
such that inf{‖hf‖ : f ∈ X+, ‖f‖ = 1} > 0.
(ii) The space X is a projection band in its bi-dual.
Then T is strongly convergent.
We point out that the condition inf{‖hf‖ : f ∈ X+, ‖f‖ = 1} > 0 in hy-
pothesis (i) of the above theorem cannot be dropped, in general – even if X is an
L1-space; a counterexample can be found in [20, Example 4.3]. Before we prove
Theorem 4.4.5 we present a couple of important special cases:
Corollary 4.4.6. Let X be an AN–space and let T = (Tt)t∈J be a bounded positive
one-parameter semigroup on X (where J = N0 or J = [0,∞)). Assume that
hypothesis (i) from Theorem 4.4.5 holds.
Then each of the following conditions ensures that T is strongly convergent:
(a) X is reflexive.
(b) X is an AL-Banach lattice (for instance X = L1(Ω,Σ, µ) where (Ω,Σ, µ) is
a measure space).
(c) X is the predual of a von Neumann algebra, or a noncommutative L1-sspace
with respect to a σ-finite trace.
Proof. Assertion (a) trivially follows from Theorem 4.4.5. Assertions (b) follows
from the fact that each AL-Banach lattice is a so-called KB-space and is thus a pro-
jection band in thus bi-dual (see for instance Theorem 2.4.12, Corollary 2.4.13 and
Theorem 1.2.9 in [30]); alternatively, (b) follows from (c) as every AL-Banach lat-
tice is the predual of commutative von Neumann algebra (see [36, Theorem II.9.3]).
Assertion (c) follows from [32, Proposition 1.17.7]. 
The assertion about AL-Banach lattices in part (b) of the above corollary was
proved by Gerlach and the first of the present authors in [20, Theorem 4.4 and
Corollary 4.5]. Part (c) of the above corollary shows that the same result remains
true on preduals of von Neumann algebras.
Proof of Theorem 4.4.5. By Proposition 4.2.2 and Corollary 4.3.6 we may assume
throughout the proof thatX is a base norm space and that T is a Markov semigroup.
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First let J = N0. By Lemma 4.4.4 we may assume that each lower bound hf in
hypothesis (i) is a fixed point of the semigroup T . Thus, the assertion follows from
Theorem 4.4.1.
Now, let J = [0,∞). For each t > 0 the discrete semigroup (Tnt)n∈N0 also
fulfils the hypotheses of the theorem; hence, by what we have just proved, this
semigroup is strongly convergent. According to [20, Theorem 2.1] this implies that
the semigroup (Tt)t∈[0,∞) is strongly convergent, too. 
The following question still remains open.
Open Problem 4.4.7. Does Theorem 4.4.5 remain true if we do not assume
hypothesis (ii)? If not, does it remain true in case that we only assume that all
order intervals in X be weakly compact?
Let us close this subsection with another consequence of Theorem 4.4.1. The
following corollary is a generalisation of [20, Corollary 4.6] where the same result
was proved only on AL-Banach lattices. The result is remarkable in the sense
that it concludes convergence of a dominating semigroup from convergence of the
dominated semigroup – while most related results in the literature (see for instance
[11] as well as our results in Section 3) work the other way round.
Corollary 4.4.8. Let X be an AN–space and let J = N0 or J = [0,∞). Let
T = (Tt)t∈J and S = (St)t∈J be two bounded positive semigroups on X such that
S asymptotically dominates T .
If T is strongly convergent and if the limit operator PT := limt→∞ Tt fulfils
‖PT f‖ ≥ β‖f‖ for a number β > 0 and all f ∈ X+, then S is also strongly
convergent.
Note that the assumption ‖PT f‖ ≥ γ‖f‖ for all f ∈ X+ in the above corol-
lary is automatically fulfilled for γ = 1 if T is a Markov semigroup. To derive
Corollary 4.4.8 from Theorem 4.4.1 we need the following simple result.
Lemma 4.4.9. Le X be an AN–space, let J = N0 or J = [0,∞) and consider a
mapping f : J 7→ X+. If f asymptotically dominates a constant vector x ∈ X+ of
norm ‖x‖ = 1 and if lim supt→∞ ‖f(t)‖ ≤ 1, then f(t) converges to x as t→∞.
Proof. Let 1 ∈ X ′ denote the norm functional onX . Since f a x, Proposition 2.2.2
shows that there exists a mapping r : J → X+ satisfying limt→∞ r(t) = 0 as well as
x ≤ f(t) + r(t) for all t ∈ J . This inequality implies lim inft→∞ ‖f(t)‖ ≥ ‖x‖ = 1,
hence limt→∞ ‖f(t)‖ = ‖x‖. Using again that f(t) + r(t)− x is positive, we obtain
‖f(t)− x‖ ≤ ‖f(t) + r(t) − x‖+ ‖r(t)‖
= 〈1, f(t)〉+ 〈1, r(t)〉 − 〈1, x〉+ ‖r(t)‖
= ‖f(t)‖ − ‖x‖+ 2‖r(t)‖ → 0
as t→∞. This proves the assertion. 
Proof of Corollary 4.4.8. For each f ∈ X+ of norm 1 the vector PT f is a lower
bound for (T , f) and thus also for (S, f). Moreover, we have inf{‖Pf‖ : f ∈
X+, ‖f‖ = 1} ≥ β > 0. According to Corollary 4.3.6 we may thus endow X with
an equivalent norm ‖ · ‖1 such that (X, ‖ · ‖1) becomes a base norm space and such
that S becomes a Markov semigroup with respect to ‖ · ‖1.
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Of course we have ‖PT f‖1 ≥ γ˜‖f‖1 for a constant γ˜ > 0 and for all f ∈ X+.
Moreover, PT f is also a lower bound for (T , f) and (S, f) with respect to the norm
‖ · ‖1 for each f ∈ X+ which satisfies ‖f‖1 = 1.
Now, fix f ∈ X+ such that ‖f‖1 = 1. Clearly, PT f is a fixed point of T .
Now we show that it is also of fixed point of S: the net (StPT f)t∈J asymptotically
dominates the constant net (TtPT f)t∈J = (PT f)t∈J . Since S is a Markov semigroup
with respect to ‖ · ‖1 we have ‖StPT f‖1 = ‖PT f‖1 for all t ∈ J , so it follows from
Lemma 4.4.9 that StPT f converges to PT f as t→∞. Hence, PT f is a fixed point
of S.
Hence, the assertion follows from the implication “(ii) ⇒ (i)” in Theorem 4.4.1.

4.5. Universal lower bounds and strong convergence. Let us now consider
the case where the lower bound h of (T , f) is universal. We start with a technical
lemma:
Lemma 4.5.1. Let J = N0 or J = [0,∞) and let T = (Tt)t∈J be a Markov
semigroup on an AN–space X. Assume that T is strongly continuous in case that
J = [0,∞) and suppose that there exists a universal mean lower bound h > 0 for
T . Then the following assertions hold.
(a) The fixed space Fix(T ′) of the dual semigroup is spanned by the norm func-
tional 1 ∈ X ′.
(b) The space N(T ) := {x ∈ X : limt→∞ At(T )x = 0} is equal to ker(1).
Proof. (a) Assume for a contradiction that Fix(T ′) is at least two-dimensional.
Then we find a vector ϕ1 ∈ Fix(T
′) which is linearly independent of 1 and has
norm at most 1/2; by Proposition 4.2.3(b) we have ϕ1 ∈ [−
1
2 ,
1
2 ]. We define
ϕ2 :=
1
2 +
ϕ1
2 and thus obtain a vector ϕ2 ∈ Fix(T
′) which is linearly independent
of 1 and contained in [0,1]. Set αˆ = sup{α ∈ R : ϕ2 − α1 ≥ 0} ∈ [0, 1] and define
ϕ3 := ϕ2 − αˆ1. Again, ϕ3 is a vector in Fix(T
′) which is linearly independent of
1 and which fulfils ϕ3 ∈ [0,1]; moreover, we have ϕ3 6= 0 and ϕ3 − ε1 6≥ 0 for
any ε > 0. Set βˆ := sup{β ∈ [0,∞) : βϕ3 ∈ [0,1]} ∈ [1,∞) and finally define
ϕ4 := βˆϕ3. Then ϕ4 is a vector in Fix(T
′) which is linearly independent of 1, which
is contained in [0,1] and which fulfils ϕ4 ± ε1 6∈ [0,1] for any ε > 0.
If we set ϕ5 = 1−ϕ4, then ϕ5 has exactly the same properties that we have just
listed for ϕ4. We have 〈ϕ4, h〉+〈ϕ5, h〉 = ‖h‖ > 0, hence one of the summands does
not vanish. Without loss of generality we may thus assume that δ := 〈ϕ4, h〉 > 0.
For all t ∈ J we have T ′tϕ4 = ϕ4; for x ∈ X+ and t > 0 this yields 〈ϕ4, x〉 =
〈ϕ4, As(T )x〉 and hence
〈ϕ4, x〉 = lim
t→∞
〈ϕ4, As(T )x〉 ≥ 〈ϕ4, h〉‖x‖ = 〈δ1, x〉.
Thus ϕ4 ≥ δ1, which is a contradiction.
(b) By Yosida’s ergodic theorem (see [13, Theorem 1.1.9] for the time discrete
case; the time continuous case is similar) the space N(T ) coincides with the anni-
hilator of Fix(T ′), which in turn equals the kernel of 1 by (a). 
With the aid of this lemma we obtain another interesting consequence of Theo-
rem 4.4.5
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Theorem 4.5.2. Let X be an ordered Banach space with generating cone and let
J = N0 or J = [0,∞). Let T = (Tt)t∈J be a positive and bounded semigroup on X.
If there exists a universal lower bound h > 0 of T , then each of the following
conditions implies that Tt converges strongly to a rank-1 projection as t→∞:
(a) The space X is a projection band in its bi-dual.
(b) The space X is an AL-Banach lattice or the pre-dual of a von-Neumann alge-
bra.
(c) The space X is reflexive.
(d) We have J = N0 and T is mean ergodic, or we have J = [0,∞) and T is a
mean ergodic C0-semigroup.
(e) The fixed space of T contains a non-zero element.
Proof. According to Corollary 4.3.7 we may assume that X is an AN–space (even
a base norm space). We first prove that T is strongly convergent.
If (a) is fulfilled, strong convergence of T follows from Theorem 4.4.5; if (b) or (c)
is fulfilled, strong convergence follows from Corollary 4.4.6 and if (d) is fulfilled it
follows from Corollary 4.4.3.
Now, let (e) be fulfilled. First assume that J = N0 and let x ∈ Fix(T )\{0}. Then
x = An(T )x does not converge to 0 as n → ∞, so it follows from Lemma 4.5.1(b)
that x is not contained in the kernel of 1. Hence, 〈1, x〉 6= 0, so Fix(T ) separates the
span of 1, which coincides with the fixed space of T ′ according to Lemma 4.5.1(a).
Therefore, T is mean ergodic according to Sine’s mean ergodic theorem (see e.g.
[13, Theorem 1.1.11]); thus, the assertion follows from (e).
Now, let J = [0,∞). For each t > 0 the time-discrete semigroup (Tnt)n∈N0
has the universal lower bound h > 0 and fulfils assumption (e); thus, (Tnt)n∈N0 is
strongly convergent. According to [20, Theorem 2.1(a)] this already implies that
(Tt)t∈[0,∞) is strongly convergent.
Finally we have to show that the strong limit PT := limt→∞ Tt has rank 1. Note
that PT = limn→∞ Tn, so the range of the dual projection P
′
T coincides with the
fixed space of the semigroup T ′1 := (T
′
n)n∈N0 . Since h > 0 is a universal lower
bound for the semigroup (Tn)n∈N0 , it is also a universal mean lower bound for the
same semigroup; it thus follows from Lemma 4.5.1(a) that the fixed space of T ′1 is
spanned by 1. Hence, the range of P ′T is one-dimensional and thus, so is the range
of PT . 
The following question remains open.
Open Problem 4.5.3. Does Theorem 4.5.2 remain true if we do not assume any
of the conditions (a)–(e)? If not, does the theorem remain true without these
assumptions at least in case that every order interval in X is weakly compact?
Another consequence of Lemma 4.5.1 is the following mean lower bound condi-
tion for mean ergodicity.
Theorem 4.5.4. Let X be an ordered Banach space with generating cone and let
J = N0 or J = [0,∞). Let T = (Tt)t∈J be a positive and bounded semigroup on X
and assume that T is a C0-semigroup in case that J = [0,∞).
If there exists a universal mean lower bound h > 0 of T and if T has a non-zero
fixed point, then T is mean ergodic and the corresponding mean ergodic projection
has rank 1.
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Proof. Let x ∈ Fix(T )\{0}. Since x = At(T )x does not converge to 0 as t→∞, it
follows from Lemma 4.5.1(b) that x is not contained in ker(1). Therefore, 〈1, x〉 6= 0
and thus Fix(T ) separates the span of 1, which is in turn equal to Fix(T ′) by
Lemma 4.5.1(a). Hence, T is mean ergodic 
As is already well–known the assumption in Theorem 4.5.4 that T possesses a
non-zero fixed point is redundant in each of the following two cases:
• X is an AL-Banach lattice (see see e.g. [12, Theorem 5] or [13, Theorem 3.2.2]);
• X is the pre-dual of a von Neumann algebra and moreover all operators are
completely positive (see [16, Theorem 3] or [13, Theorem 3.3.7]);
(note that the second case includes the first one since the dual of an AL-Banach
lattice is a commutative von Neumann algebra, cf. [36, Theorem II.9.3]). The
following corollary contains a generalisation of this result.
Corollary 4.5.5. Let X be an ordered Banach space with generating cone and let
J = N0 or J = [0,∞). Let T = (Tt)t∈J be a positive and bounded semigroup on X
and assume that T is a C0-semigroup in case that J = [0,∞).
Suppose that there exists a universal mean lower bound h > 0 of T and that at
least one of the following assertions is fulfilled:
(a) X is a projection band in its bi-dual; in particular X is an AL-Banach lattice
or a pre-dual of a von-Neumann algebra.
(b) X is the dual of an ordered Banach space Y and each operator Tt has a
pre-dual operator in Y .
Then T is mean ergodic and the corresponding mean ergodic projection has rank 1.
Proof. According to Corollary 4.3.7 we may assume that X is a base norm space
and that T is a Markov semigroup.
(a) Let f ∈ X+ be a vector of norm 1. We apply the Cesa`ro means At(T ) to f
and consider the net (At(T )f)t∈J in the bi-dual space X
′′. This net has a subnet
which converges to a vector f ′′0 ∈ X
′′. Then f ′′0 is a fixed point of the bi-dual
semigroup T ′′ = (T ′′t )t≥0 and, as h is a universal mean lower bound of T , we have
f ′′0 ≥ h.
Now, let P ∈ L(X ′′) denote the band projection onto X . Then we have Pf ′′0 ≥
Ph = h, so Pf ′′0 > 0. Moreover, TtPf
′′
0 = PTtPf
′′
0 ≤ PT
′′
t f
′′
0 = Pf
′′
0 for all t ∈ J .
Since T is a Markov semigroup and since the norm is additive on X+, this implies
that actually TtPf
′′
0 = Pf
′′
0 for all t ∈ J , so Pf
′′
0 is a non-zero fixed vector of T .
Hence, the assertion follows from Theorem 4.5.4.
The remainder follows from the fact that AL–Banach lattices as well as pre-duals
of von Neumman algebras are projection bands in their bidual.
(b) Let f ∈ X+ \ {0}. Then a subnet of (At(T )f)t∈J converges to a vector
f0 ∈ X+ with respect to the weak
∗-topology. As T has a mean lower bound we
have f0 > 0. Moreover, f0 is a fixed point of T since each operator Tt is weak
∗-
weak∗ continuous. Thus, the assertion follows again from Theorem 4.5.4. 
It is an interesting question whether the assumption in Theorem 4.5.4 that T
possess a non-zero fixed point can be completely dropped:
Open Problem 4.5.6. Does Theorem 4.5.4 remain true if we do not a priori
assume that the fixed space of T is non-zero? If not, does the theorem remain true
without this assumption at least in case that every order interval in X is weakly
compact?
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Appendix A. Examples of AN–spaces
Motivated by the discussion in Section 4.1 we present several non-trivial examples
of AN–spaces in this appendix. First we show by a rather general construction that
there exist, on one hand, infinite-dimensional examples of such spaces which are
reflexive and that there exist, on the other hand, examples of such spaces where not
every order interval is weakly compact (see Propositions A.1 and A.2). Furthermore
we demonstrate how the cone of an AL-Banach lattice can be adapted to yield an
AN–space which is no longer lattice ordered and not reflexive, but in which all order
intervals are weakly compact (Example A.4).
Let X be a Banach space and let u ∈ X , u′ ∈ X ′ such that 〈u′, u〉 = 1. Set
P = u′ ⊗ u, Q = I − P . Then the set
X+,u,u′ := {y ∈ X : 〈u
′, y〉 ≥ ‖Qy‖}.
is a closed generating cone in X that renders X an ordered Banach space. We call
X+,u,u′ a centered cone with parameters u and u
′. Some properties of those cones
were studied in detail in [22, Section 4.1]; in particular, it is shown in [22, Propo-
sition 4.1.4] that the cone X+,u,u′ is normal and has non-empty interior. Related
constructions had already occurred earlier in the literature on several occasions, as
for instance in [34, Section 1] and [18, 27, 29]; see also the last part of Section 2.6
in [2].
Let us now show that every Banach space which is endowed with a centred cone
can be given an equivalent norm which is additive on the positive cone.
Proposition A.1. Let X be a Banach space ordered by the centred cone X+,u,u′ .
Then
‖z‖1 := max{‖Pz‖, ‖Qz‖} for all z ∈ X
defines a norm on X which is equivalent to the original norm ‖ · ‖ and which is
additive on X+,u,u′ . In particular (X,X+,u,u′ , ‖ · ‖1) is an AN–space.
Proof. The fact that ‖ · ‖1 is equivalent to the given norm follows from P +Q = I,
and the fact that ‖ · ‖1 is additive on the cone follows from ‖z‖1 = ‖Pz‖ = 〈u
′, z〉
for all z ∈ X+,u′,u. 
This proposition shows that every Banach space X can be endowed with a cone
and an equivalent norm such that it becomes an AN-space (and thus, after a further
renorming, a base norm space, cf. Proposition 4.2.2); a related observation is briefly
discussed in [31, Example 4 on p. 27]. On the other hand, the following general result
implies that a Banach space which is ordered by a centred cone is reflexive if and
only if each order interval is weakly compact:
Proposition A.2. Let X be an ordered Banach space with normal cone and assume
that X+ has non-empty interior. Then the following assertions are equivalent:
(i) The space X is reflexive.
(ii) Every order interval in X is weakly compact.
Proof. “(i) ⇒ (ii)” Every ordered interval in X is weakly closed and, by the nor-
mality of X+, norm bounded.
“(ii) ⇒ (i)” Let x be an interior point of X+. Then −x is an interior point of
−X+, and thus x is an interior point of 2x−X+. Thus, the order interval
[0, 2x] = X+ ∩ (2x−X+)
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has non-empty interior. Hence, [0, 2x] contains a closed ball B of strictly positive
radius. Since [0, 2x] is weakly compact, so is B. Hence, X is reflexive. 
Propositions A.1 and A.2 have the following interesting consequence:
Remark A.3. Let X be a non-reflexive Banach space; we endow X with a centred
cone X+,u′,u and with the norm ‖ · ‖1 from Proposition A.1. Then X is an AN–
spaces according to this proposition, but it follows from Proposition A.2 that not
every order interval inX is weakly compact. In particular,X cannot be a projection
band in its bi-dual according to Proposition 2.1.6.
This is a remarkable contrast to the Banach lattice case, since every AL-Banach
lattice is a projection band in its dual.
In view of the results in Section 3, ordered Banach spaces with weakly compact
order intervals are of particular interest. AL-Banach lattices and more generally
pre-duals of von Neumann-algebras have this property. Naturally, the question
arises whether one can find further examples of AN–spaces in which the order
intervals are weakly compact. Trivial examples of such spaces are given by direct
sums of AL-Banach lattices with reflexive spaces that are endowed with a centred
cone (and an appropriate norm, see Proposition A.1). Let us close this appendix
with a less trivial example; our construction takes the positive cone in an AL-Banach
lattice and makes it somewhat smaller.
Example A.4. Let X be an AL-Banach lattice with positive cone X+ and let
dimX ≥ 3. Take ϕ ∈ X ′ such that ϕ+, ϕ− 6= 0 (note that X
′ is also a Banach
lattice, so ϕ+ and ϕ− are well-defined). Set
K = {x ∈ X+ : 〈ϕ, x〉 ≥ 0} = {x ∈ X+ : 〈ϕ+, x〉 ≥ 〈ϕ−, x〉}.
Then K is a closed, convex and proper cone. We denote the order on X with
respect to the original cone X+ by ≤, while we denote the order with respect to
the new cone K by ≤K .
Let us now show that the new cone K is also generating. Consider
F = {x ∈ X : |x| ∧ |y| = 0 for all y ∈ X satisfying 〈ϕ+, |y|〉 = 0},
where ∧ denotes the infimum with respect to the original order ≤ on X . The set
F is a non-zero band in X and the functional ϕ+ is strictly positive on F while
ϕ− vanishes on F . Hence F+ ⊂ K. Choose y ∈ F+ such that 〈ϕ+, y〉 = 1; then
〈ϕ−, y〉 = 0 holds. For each x ∈ X we have
x = x+ − x− = (x+ + 〈ϕ−, x+〉y)︸ ︷︷ ︸
∈K
−〈ϕ−, x+〉y︸ ︷︷ ︸
∈K
− (x− + 〈ϕ−, x−〉y)︸ ︷︷ ︸
∈K
+ 〈ϕ−, x−〉y︸ ︷︷ ︸
∈K
.
Hence, K is indeed generating in X .
Next we note that the order intervals on X with respect to ≤K are contained in
the order intervals with respect to ≤. Indeed, for all x, y ∈ X we have
[x, y]≤K = (x +K) ∩ (y −K) ⊆ (x +X+) ∩ (y −X+) = [x, y]≤.
Hence, all order intervals with respect to ≤K are weakly compact. Clearly, the
norm is additive on K, as it is additive on the larger cone X+.
Finally, we show that (X,K) is not a lattice if dimF ≥ 2. Let P be the band
projection onto F , and set Q := I−P ; we have P,Q 6= 0 since ϕ+, ϕ− 6= 0. Choose
v ∈ F+ = PX+ with 〈ϕ+, v〉 = 1 as well as w ∈ QX+ with 〈ϕ−, w〉 = 1 and define
u = −v + w.
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Let U be the set of all upper bounds of 0 and u with respect to the order ≤K .
A vector y ∈ X is contained in U if and only if the following three conditions are
fulfilled:
(i) y ≥ 0 and y ≥ u,
(ii) 〈ϕ+, y〉 ≥ 〈ϕ−, y〉,
(iii) 〈ϕ+, y − u〉 ≥ 〈ϕ−, y − u〉.
Now we note that condition (i) is equivalent to y ≥ 0 ∨ u (where ∨ denotes the
supremum with respect to the order ≤); since the vector 0 ∨ u equals w, condition
(i) is fulfilled if and only if y ≥ w. Moreover, condition (iii) is equivalent to
〈ϕ+, y〉 ≥ 〈ϕ−, y〉−2; hence, condition (iii) is automatically fulfilled in case that (ii)
is fulfilled.
Summing up, we conclude that y ∈ U if and only if y ≥ w and 〈ϕ+, y〉 ≥ 〈ϕ−, y〉,
which is in turn fulfilled if and only if y ≥ w and 〈ϕ+, y〉 ≥ 〈ϕ−, y〉 ≥ 1 (since
〈ϕ−, w〉 = 1).
Define U1 = {y ≥ 0 : 〈ϕ+, y〉 = 1, Qy = w}. Then U1 ⊆ U . Moreover,
every element y1 ∈ U1 is minimal in U with respect to the order ≤K . Indeed,
let y1 ∈ U1 and let y0 ∈ U such that y0 ≤K y1. Then, in particular, y0 ≤ y1.
Hence we have Qy0 ≤ Qy1 but, on the other hand, Qy1 = w = Qw ≤ Qy0, so
Qy0 = Qy1. Moreover, we have Py0 ≤ Py1 and thus 〈ϕ+, Py0〉 ≤ 〈ϕ+, Py1〉 but,
on the other hand, 〈ϕ+, Py1〉 = 〈ϕ+, y1〉 = 1 ≤ 〈ϕ+, y0〉 = 〈ϕ+, Py0〉, so actually
〈ϕ+, Py0〉 = 〈ϕ+, Py1〉. Since ϕ+ is strictly positive on F = PX , we conclude that
Py0 = Py1. We have thus proved that y0 = y1.
Therefore, U1 consists of minimal upper bounds of {0, u} with respect to ≤K .
However, one readily checks that U1 has more than one element if dimF ≥ 2. Our
assertion is proved.
Note that, if X is infinite dimensional in the above example, then the examples
yields an AN–space with weakly compact order intervals which is neither reflexive
nor a lattice.
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